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Instability due to the dust-particulate—phonon interaction
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Interactions of dust particulates and phonons in a plasma are studied from a quantum mechanical viewpoint.
An attraction between negatively charged dust particulates due to a stable wake potential behind a dust
particulate in the supersonic ion flow is shown to be the result of exchanging phonons between the dust
particulates. A collection of dust particulates becomes hydrodynamically unstable when the ion flow becomes
subsonic. The growth rate of the instability is given s 0.87 (wp/2wp0)"3Qy, wherew,; is the ion plasma
frequency wq is the dust plasma frequency, afig is the dust acoustic frequendys1063-651X98)02609-9

PACS numbegs): 52.35.Qz, 52.25.Tx

. INTRODUCTION coordinates §,z, ) with velocity v=ve,(v=0) in the pres-

) ) ence of ion flowy=v¢e,(vo<0) [6]:
It was in 1952 when Pines and Bohm showed the forma-

tion of wake potential trailing behind a charged particle ZQA%MZ 1Np 2 k(z—ut)
i i Z,0) = dk k“Jg(kp)sin| ———
when it moves through an electron gdg. The effectisa  ¢(p,zt) MZ—1)%2 fo o(kp) M1

manifestation of collective effects in plasmas. The energy
given up by the incident particle is transferred to the wake )
potential, which is characterized by the oscillatory nature i

space. More than 40 years later, the theory of wake potential

is applied to understand the formation of plasma crystals vot<z<uvt and |z—vt|>pyM?Z-1, (5)
observed in laboratory experimen®-7]. The wake poten-

tial effect was derived mathematically by an analysis of thewhereJ, is the zeroth-order Bessel function of the first kind,
contour integral involved in a potential calculation. The elec-M =|v —v|/Cs, Cs=\Te/m; is the ion acoustic velocity
trostatic potential around a dust particulate of cha@e (T, is the electron temperature, ang the ion masg and
placed atx=x, att=0 and moving with a velocity in a  cylindrical symmetry is assumed. We note here that the wake

plasma of volumeV, is given by[6] potential is formed only foM>1, or supersonic ion flow,
) which is realized in a sheath regip8]. Plasma crystals, first

S(x,1)= 4mQ D do -eXF[Ik-(X—.Xo)—w'[] observed in low power radio-frequency discharges in 1994

' V € Jar 27 —i(o—k-v+inkie(k,w)’ [9], are Coulomb lattices formed by negatively charged

(1) micron-size dust particulates floating in the balance of gravi-
) o _ o tation and electrostatic forces in a plasma. The wake poten-
wherew integration is defined for the Bromwich integral, tz] is formed by a highly negative dust particul#@ ranges
is the positive infinitesimale(k, o) is the dielectric response from — 1% to — 10%e, wheree is the magnitude of electron
function of the plasma, anl,=V/d%/(2m)* in the limit  charge floating in the presence of ambient ion flow, and
of V—oo. If we replace the response function by the staticcontributes to attract a like charge dust particulate.

form factor e(k,0)=1+1K*\3 (\p is the Debye wave- Plasma crystals are characterized by their ordered struc-
length, and setx,=v=0, we recover the conventional De- ture with polygon forms of a crystalline system. Such a well
bye shielded potential established crystalline structure was observed to be stable,
but to experience a transition to a disordered liquidlike struc-
(x)= Qe-mD ) ture by lowering the neutral gas pressure in low-power radio-
r ' frequency dischargd4.0,11]. Low frequency oscillations on

_ the order of 10 Hz were observed before the melting transi-
wherer =[x|. When the plasma has an ion flow and supportsjon occurs, and became a topic of investigat[d2—15.

ion acoustic waves, the response function is The stability of an ordered polygon structure was also dis-
5 cussed, including the damping effect due to dust particulate-
e(k,w)=1+ Wpi 3) neutral collisiong16,17] and the viscous effect due to ion

K2\Z  (0—k-vp)? drags[18].

In this paper, the interaction of dust particulates in a
Herek=|k|, andwy; is the ion plasma frequency. The con- plasma which supports ion acoustic waves is studied from a
tour integration of Eq(1) gives the oscillatory potential be- quantum mechanical viewpoint. A quantum mechanical
hind the dust particulate placed at the origin in cylindricaltreatment applied to interaction between plasma particles and
waves has helped to understand the physics of some classical
phenomeng[19-21. For example, the Landau damping,

*Electronic address: oishihara@coe.ttu.edu which results from the interaction of plasma waves with
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shielded Coulomb potential is collective effects of the

plasma, or the presence of phonons. A Hamiltonian study of
dust-particulate—plasma interaction by the method of canoni-
cal transformation revealed that the wake potential is a result, ¢
of the interaction between two dust particulates exchanging'©" ©f (b) absorption of a phonon.

phonons(the quanta of ion acoustic way4g]. The two dust The factor in Eq(6) is set to make contact with the quantum

particulates, both with negative charges, will behave like hanical X f the electric field ¢ th
Cooper pairs in the theory of superconductivity. In this pape|mec anical expression ot the electric hield enefgye the

an interaction Hamiltonian for dust particulates and phononéppend'x)’ or
is derived based on the second quantization formalism. The J (V|2
d®x =
8w

resonant plasma particles, is interpreted as a result of the Time ,q-k

competing effect between emission and absorption of plas- q+k

mons(quasiparticles for plasma waydsy plasma particles. k

Equation(1), together with Eq(4), suggests that the source

of the potential deviation from the conventional Debye q q k
(@ ®

FIG. 1. Dust-particulate—phonon interaction through emis-

how
Ek: > K (ala,+aeal). (8)
2|— we
Jw

Hamiltonian thus derived agrees with the one derived earlier
by the method of canonical transformation, but the present,
rather simple, derivation based on a vertex matrix calculation
gives a straightforward understanding of the resulting attrac-
tion between like charged dust particulates. The matrix eleye introduce the wave function for dust particulates as
ment is then used to discuss the collective behavior of dust

particulates which interact among themselves by exchanging 1 _

phonons. Simple hydrodynamic equations describe the mo- =" Cqe'?, 9
tion of the gas in the effective potential described by the W

matrix element. We find that the system becomes unstable

and grows with time in inverse proportion to the dust acous® nd interpretl” as an operator to destroy a dust particulate of

" +
tic frequency, with a certain factor depending on situation§m)mem_umhq at p03|_t|0nx. The operatorE, ar_ld C, are
including Coulomb interaction and ion flow. destruction and creation operators of dust particulates carry-

In Sec. II, we introduce the quantization of the electric’Nd the momentumiq. A dust particulate with charg@

fields associated with ion acoustic waves, and derive the ir"téracts with longitudinal phonon fields, and the interaction
teraction Hamiltonian of quasiparticléphonon$ and dust H.amlltonlan between a dust particulate and a phonon is
particulates. In Sec. lll, the interaction among dust particu-g'verl by

lates is treated as a scattering of dust particulates in phonon

fields, and the emission and absorption of phonons are con- Hd,p:f vIQopW dix, (10)
sidered. Section IV deals with the hydrodynamic behavior of

dust particulates in the effective potential described by th?,v
interaction matrix element. The conclusion is given in Sec.
V.

@k

hich can be simplified as

Hd,p=; Zq Mqg,p(K)(Cl_ajCqe' '+ Cl, aCqe '),
Il. DUST-PARTICULATE —PHONON INTERACTION (11)

We consider dust particulates in the potential perturbawhere
tions associated with ion acoustic waves in a plasma. We

describe the perturbatiqns in terms of qugsiparticles called 47Q%h w, 270Q%h wy

phonons. The phonon fields may be described by the poten- Mg (k)= = . (12
tial ¢(x,t) in a Fourier series in a large box of voluriteas VK2 iwe V(K*+Ap")

. Jw o

2mh o\ p i(K-X— wgt) 2

¢(X,t)=; V(1 KkaN2) [axe Here we have used(d/dw)wel,, =2(1+k *\p%). The

ot term involving Cé,kalcq describes the scattering of a dust
+age X Te], (6) particulate fromq to g—k with the emission of a phonon of

momentum#k, while the term involvingCEJrkaqu de-
wherek=[k|, a, anda; are Fourier coefficients, which may scribes the scattering of a dust particulate frqnto q+k
be interpreted, as is known in second quantization, as dewith the absorption of a phonon of momentuik. These
struction and creation operators of phonons with momentuninteractions are shown in Fig. 1.
fk and energyi w, . A positive frequency of an ion acoustic

wave is given by IIl. INTERACTION OF DUST PARTICULATES
BY PHONON EXCHANGE

kC
wkz—sz, (7) A higher ordgr approximatior) in the p_erturbation thegry
VI+kAp gives the transition matrix, which describes the transition
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from the initial state|i) to the final statéf), as[23]

CHRIDATHD W k
i

Mif:<f|Hl|i>+zl ﬁ (13
whereH,=Q¢, E; andE, are the initial and the intermedi- ,
ate energies, the notati@fi|H, |i) is used forfWH,¥,d%x, 1
[I) is the intermediate state through which the transition
takes place, the summation is taken for all the possible inter- K
mediate states, and the quantiyis a positive infinitesimal. . a-k fok 4 ,

. . . Time q+k
The second term in Ed13) is known to be responsible for
the attractive interaction between electrons associated with X k
the superconducting stafte4,25. Here we calculate the sec- X -k
ond term for the interaction of dust particulates through the
exchange of phonons. Suppose that the initial, intermediate, 4 q q q

and final wave functions for dust particulates are given by

Then the matrix elements are

or

i iq-x FIG. 2. Interaction of dust particulates through phonon ex-
W :\/_chie AT 4 :\/_chle " change. The number of phonons remains the same before and after
the scattering.

1 .
\I’f=\/—qufe'qf'X. (14
momentunvik which is absorbed by another dust particulate
with momentum change fromi(qg;—k) to 7g;, while the

second term shows that a dust particulate changes its mo-

<I|H||i>=$Jd3x2 Md’p(k)cgle—ich-X{akei(k-x—wkt) mentum from Aq; to A(qg;+k) and another particulate
k

changes its momentum frofi{qg; + k) to 7 q; by exchanging
a phonon of momenturfik. It is assumed that the total num-
ber of phonons is conserved in a system. The first term indi-
cates that the absorption of a phonon takes place after the
emission, and the reverse occurs in the second term. With the
([H|iYy=> Md,p(k)[CLkaqu,e*i“’kt possible two values ok (k and —k) in each process, we

K ' ' have four situations as shown in Fig. 2, where a dust particu-

i Caikalcq.eiwkt]_ (16)  late with momentunkq interacts with a dust particulate with

: : momentum#q’. We note that the conservation of energy

+aﬁe‘i(""““’kt)}queiqi'X (15

Likewise, gives the relation

(fFHI[1)=2 Mg p(k")[C] aCq, e K"
k!
£t ] . 5q+5q’:£qfk+5q’+kv (19)
+Cq ag Cop i€ 1. (17)

Taking the time average, using the relatite’™ (“.” ) \yhare the kinetic energy of a dust particulate of magsis

=0, and keeping only the terki =k in thek’ summation to

given by

insure a common intermediate state, we obtain

(fIH, 1)1 |H||i>:; ['Vld,p(k)]z[CéfaquFkCgi-kaqui ITE

where the first term shows that a dust particulate changes i
momentum from#q; to 7(q,—k) by emitting a phonon of

tt T voamg 2
+ CQfaquf+ qui + kakcqi]’ (18)

t'IShe matrix element for the process is thus written as

o (FHDCH D ] N(k)+1 N(k)
Maa(k,a.0)=2 —F g7, =[Ma,p(k)] Ey— Eqx—Fran  Eq—Eqrxtha
N(—K) N(—K)+1

: (21

Sq—fq_k-i—ﬁw_k gqr_gqr+k_ﬁw_k
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With the help of Eq(19), the matrix element becomes

Mg.a(K,a)=[Mg n(k)]?
1 1
M e Bk han Eq—Eqtho i)
(22

which is further simplified, by using _,= w, and Eq.(12),
as

Ma.a(k.q)= Mgy
A (= Eq 07— (w2 P
47Q? ?\ZD wE
Vo 1+k2\5 wsyk—wi
=MY(k,0q), (23
where
47Q? )\ZD wﬁ
W —
MT(k, )= \% 1+k2)\% wz—wﬁ @49
and
E—Eqi
wq'k:%. (25)
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Q¢W<x.t>=; MW(K,kpg)elk % (29

IV. HYDRODYNAMIC EQUATION FOR A GAS
OF DUST PARTICULATES

In this section, we consider a collection of dust particu-
lates which interact among themselves through the exchange
of phonons. The collection of dust particulates is treated as a
gas of dust particulates, and is characterized by the perturbed
velocity V4 and the density

Nd:NdO+ 6Nd! (30)

where 6Ny is the perturbation from the equilibrium density
Ngo- The linearized hydrodynamic equations to describe the
dynamics of the gas of dust particulates are

96N,

- — Ndov 'Vd! (31)
ot
Na__ L yoxt 32
ot mg (x,1t), (32

where the potential energ (x,t) is given by
<I>(x,t)=j M(x—x",t—t")8Ng(x’,t")d3x'dt’, (33)

andM(x,t) is the inverse Fourier transform of a vertex func-

The effective Hamiltonian for interaction of dust particulatestion M(k,»). We assume that

through the exchange of phonons is

Hd,d:% > ; MW(k-wq,k)CQqu'—kakalcg—kcq-
q/
(26)

As is evident from Eq(23), there is a possibility that the
matrix element becomes negative if energies of dust particu-

lates are close enough, or

wéyk< wi. (27)

Although the possible negative matrix element ikispace,

SNy, V4, D~elkx=ob. (34)

then Egs(31), (32), and(33) become

_ia)5Nd:_iNdok'Vd, (35)
: 1.

—Ide=—m—d|k(D(k,w), (36)

O (K, 0)=VM(K,w)SNy. (37)

First, consider the case where a vertex function is given
by Eq.(24), or

it opens the possibility of negative interaction in real space
or attraction between dust particulate®t]. It was indeed

shown that the Hamiltonian derived earlier based on a ca- . . . . . .
nonical transformation describes the presence of attractivEduations(35—(37), with Eq.(38), will provide a dispersion

interaction in a form of the wake potentig]. The potential ~ '€ation

M(k,w)=MY(k,). (39

respon3|ble for the attraction of dust particulates was derived Wi a)ﬁwz—ﬂﬁwﬁ=0, (39)
earlier ag6]
wherewy is the ion acoustic frequenc
¢ (X t)= 47TQ 2 )\ZD (UE eikA(x_XO_vt) “ q Y
Wi V 1+ Kvi— of ’ Kk 40
(28) wk_mwpiv (40)
where a QUst parfciculéte is. Iocate(_j a’tx, at t=0 ar)d Q, is the dust acoustic frequency
moves with velocityv=ve, in the ion flow of velocity
Vo=00€,, andvg=|v—vo|. Whenwq=kuq in Eq. (23), K\p
the matrix element is in agreement with the expression in Eq. (41

O =—F——=wyy,
NETovAl

(28), or
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and wpg= J4mN4,Q?%/my is the dust plasma frequency. The in its value. In the above parameters for an argon plasma, the
dispersion relation has approximate solutions fastest growing mode has the real frequeney/2mw
=1.2 Hz, and the growth rate=13.1 rad/s. The effect of

ﬁ collisions of charged particles with neutrals associated with
w17= Tyl 1+ 202) * wy, (42 this instability was studied by Rosenbdg].
2 V. CONCLUSION
. k .
w34=* 'Qk( 1- ZE) ~xily. (43 We have formulated the matrix element of interaction be-

tween dust particulates through the exchange of phonons.

Equation(42) corresponds to the propagation of ion acousticT he matrix element suggests the presence of an attractive

waves, while Eq(43) indicates the presence of an instability. force between highly charged dust particulates, in agreement

The growth rate of the instability is given by the dust acous With earlier work on the wake potential which was consid-

tic frequency(), . For a typical situation, consider a spheri- gred asa potential prodL_Jced behind a dus_t particulate floating
cal dust particulate with a radius 2Zm, a mass density n the ion flow. We.con3|dered the dynamics of a gas ofdgst
1 g/cn?, a chargeQ=— 10, and a dust particulate density particulates which interact among themselves by exchanging
Ngo of 10° cm™2 in a background electron temperatufg phonons. Hydro_dyngmlc equations predlct the instabilities:
—1eV and an electron plasma density of 10 3. The one grows with time inversely proportional to the dust acous-

dust plasma frequency becomesy2m=1.5 Hz. We have tic frequency, and results in bunching of dust particulates
for k=1.0 e, | 4JX0 22 radls. The .foldin.g time for’ even in the absence of Coulomb interactions; the other grows
- . y 3’ ~=U. . -

this hydrodynamic mstability is about 5 s with time 0.87 i/ 2w,q) *® times faster than the dust acous-

Next consider the case where the Coulomb interactioﬁic time in the presence of dust-dust Coulomb interactions

between dust particulates with Debye shielding is not negliyvhen ions flow in the plasma. The instability characterized

gible and the plasma has an ion flow, or by Eq. (48) appears only wheik:vo=kCs/\1+k*Ap, or
M =1, and the system becomes stableNbr-1 and forms a
M(k,w)=MC(k,w)+MY(k,w—K-Vvp), (44 stable wake potential behind a dust particulate. Such a stable
wake potential and the hydrodynamic instability may be rel-
where the matrix element for the Coulomb interaction withevant to the observed stable plasma crystal and the phase
Debye shielding is transition from solidlike crystal structure to liquidlike struc-
ture in the laboratory plasmas.

. 47Q%  \p
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w2 w? APPENDIX: PHONON FIELDS
1+ - Py (47)
N “Kov)2 z=0. : i . .
kAp (0—k-Vvg)® @ We describe the potentia(x,t) associated with ion

) o ) ) ) acoustic wavegphonong in Fourier series in a large box of
Equation(47) is similar to the dispersion relation of Bune- y,olumeV as

man instability studied in detail by Ishihara, Hirose, and
Langdon[26] (see also Perafi27]). The system becomes
unstable when the negative energy wawe=K-v,
—wp/\1+ k‘2)\52 couples with the positive energy wave i . i .
w=wpd/\/m in the k space with a conditiok - v, where w, is a positive frequency of the ion acoustic wave.

o . . _The factorD will be determined by a consideration of the
=kGCs/y1+k\p. The fastest growing mode is character field energy. A reality condition of the potential(x,t) is

$(xt)=2 Dyage** d+aje” k], (A1)
k

ized by obtained by rewriting Eq(Al) as
1+W§( o )1/3 (48) (ke x—wp) 4 T @ i(k-X—wp)
0= o5 k X, t)= D [a.e' X" @4 gle™ KXok
2 | 20p d0)= 2 {Dida { ]
at the resonance +D_Ja_ge kxron gt gitkextao])
kCq (A2)
K-vo= NEres (49 -
1+k2\E where the term oD _,, comes from the contribution fdk,

<0, and we sek— —k (thus changingk,>0). Equating
where the growth rate shows the sharp peak with a narrowp(x,t) and ¢*(x,t), a complex conjugate oé(x,t), we
half-width, and the real frequency shows the abrupt changebtain
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D.x=D%,. (A3) [ay.a]]=aal—ala=1, (A5)

The time-averaged field energy in the electric field of thegnd can be applied to state vectors as
longitudinal wave is

J» <E2> J, <|V¢|2> ak|Nk>: \/N—k|Nk_l>v (AB)
d3x A d3X 7
8 8m af|N )= VN + 1N+ 1), (A7)

\
=1 Ek: k?Dy|%(afac+acal), (A4)  while the number operatara, has the eigenvaluld, . The
factor D, may be chosen to satisfy
where( ) shows the time average, and we used the relations

[dx ela—kdx=vs,  and (et =0, We note f P @:2 oy Nt 1) A8)
that the wave energy in eadh mode carries dwe/Jw),, 87 % iwe 2
times the electric field energy, since the wave energy in a Jw o
plasma includes the particle oscillation energy together with
the associated electric field enerdy20,21, where €  Thus we obtain
=e(k,w) is the dielectric function to characterize a plasma.
We now introduce a viewpoint of quantum mechanics, and 2 N2
, . . TR WA p
interpreta, as destruction operator ala(ﬂ as creation opera- D=+ \ /ﬁ_
tor of phonons with momentunktk and energySi%w,, V(1+k\p)
whereS,=[(d/dw) wel,, I (9l dw) we|,, . The operatorsy
andal satisfy the Boson commutation relatip22] (A9)
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