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Instability due to the dust-particulate–phonon interaction
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~Received 11 February 1998; revised manuscript received 5 May 1998!

Interactions of dust particulates and phonons in a plasma are studied from a quantum mechanical viewpoint.
An attraction between negatively charged dust particulates due to a stable wake potential behind a dust
particulate in the supersonic ion flow is shown to be the result of exchanging phonons between the dust
particulates. A collection of dust particulates becomes hydrodynamically unstable when the ion flow becomes
subsonic. The growth rate of the instability is given byg50.87 (vpi/2vpd)

1/3Vk , wherevpi is the ion plasma
frequency,vpd is the dust plasma frequency, andVk is the dust acoustic frequency.@S1063-651X~98!02609-9#

PACS number~s!: 52.35.Qz, 52.25.Tx
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I. INTRODUCTION

It was in 1952 when Pines and Bohm showed the form
tion of wake potential trailing behind a charged partic
when it moves through an electron gas@1#. The effect is a
manifestation of collective effects in plasmas. The ene
given up by the incident particle is transferred to the wa
potential, which is characterized by the oscillatory nature
space. More than 40 years later, the theory of wake pote
is applied to understand the formation of plasma crys
observed in laboratory experiments@2–7#. The wake poten-
tial effect was derived mathematically by an analysis of
contour integral involved in a potential calculation. The ele
trostatic potential around a dust particulate of chargeQ,
placed atx5x0 at t50 and moving with a velocityv in a
plasma of volumeV, is given by@6#

f~x,t !5
4pQ

V (
k
E

Br

dv

2p

exp@ ik•~x2x0!2vt#

2 i ~v2k•v1 ih!k2e~k,v!
,

~1!

wherev integration is defined for the Bromwich integral,h
is the positive infinitesimal,e~k,v! is the dielectric respons
function of the plasma, and(k5V*d3k/(2p)3 in the limit
of V→`. If we replace the response function by the sta
form factor e(k,0)5111/k2lD

2 ~lD is the Debye wave-
length!, and setx05v50, we recover the conventional De
bye shielded potential

f~x!5
Q

r
e2r /lD, ~2!

wherer 5uxu. When the plasma has an ion flow and suppo
ion acoustic waves, the response function is

e~k,v!511
1

k2lD
2 2

vpi
2

~v2k•v0!2 . ~3!

Herek5uku, andvpi is the ion plasma frequency. The co
tour integration of Eq.~1! gives the oscillatory potential be
hind the dust particulate placed at the origin in cylindric
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coordinates (r,z,u) with velocity v5vez(v>0) in the pres-
ence of ion flowv05v0ez(v0,0) @6#:

f~r,z,t !5
2QlD

2 M2

~M221!3/2 E
0

1/lD
dk k2J0~kr!sinS k~z2vt !

AM221
D
~4!

for

v0t,z,vt and uz2vtu.rAM221, ~5!

whereJ0 is the zeroth-order Bessel function of the first kin
M5uv2v0u/Cs , Cs5ATe /mi is the ion acoustic velocity
~Te is the electron temperature, andmi the ion mass!, and
cylindrical symmetry is assumed. We note here that the w
potential is formed only forM.1, or supersonic ion flow,
which is realized in a sheath region@8#. Plasma crystals, firs
observed in low power radio-frequency discharges in 19
@9#, are Coulomb lattices formed by negatively charg
micron-size dust particulates floating in the balance of gra
tation and electrostatic forces in a plasma. The wake po
tial is formed by a highly negative dust particulate~Q ranges
from 2103e to 2104e, wheree is the magnitude of electron
charge! floating in the presence of ambient ion flow, an
contributes to attract a like charge dust particulate.

Plasma crystals are characterized by their ordered st
ture with polygon forms of a crystalline system. Such a w
established crystalline structure was observed to be sta
but to experience a transition to a disordered liquidlike str
ture by lowering the neutral gas pressure in low-power rad
frequency discharges@10,11#. Low frequency oscillations on
the order of 10 Hz were observed before the melting tran
tion occurs, and became a topic of investigation@12–15#.
The stability of an ordered polygon structure was also d
cussed, including the damping effect due to dust particula
neutral collisions@16,17# and the viscous effect due to io
drags@18#.

In this paper, the interaction of dust particulates in
plasma which supports ion acoustic waves is studied fro
quantum mechanical viewpoint. A quantum mechani
treatment applied to interaction between plasma particles
waves has helped to understand the physics of some clas
phenomena@19–21#. For example, the Landau dampin
which results from the interaction of plasma waves w
3733 © 1998 The American Physical Society
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3734 PRE 58OSAMU ISHIHARA
resonant plasma particles, is interpreted as a result of
competing effect between emission and absorption of p
mons~quasiparticles for plasma waves! by plasma particles
Equation~1!, together with Eq.~4!, suggests that the sourc
of the potential deviation from the conventional Deb
shielded Coulomb potential is collective effects of t
plasma, or the presence of phonons. A Hamiltonian stud
dust-particulate–plasma interaction by the method of can
cal transformation revealed that the wake potential is a re
of the interaction between two dust particulates exchang
phonons~the quanta of ion acoustic waves! @7#. The two dust
particulates, both with negative charges, will behave l
Cooper pairs in the theory of superconductivity. In this pa
an interaction Hamiltonian for dust particulates and phon
is derived based on the second quantization formalism.
Hamiltonian thus derived agrees with the one derived ea
by the method of canonical transformation, but the pres
rather simple, derivation based on a vertex matrix calcula
gives a straightforward understanding of the resulting attr
tion between like charged dust particulates. The matrix e
ment is then used to discuss the collective behavior of d
particulates which interact among themselves by exchan
phonons. Simple hydrodynamic equations describe the
tion of the gas in the effective potential described by
matrix element. We find that the system becomes unst
and grows with time in inverse proportion to the dust aco
tic frequency, with a certain factor depending on situatio
including Coulomb interaction and ion flow.

In Sec. II, we introduce the quantization of the elect
fields associated with ion acoustic waves, and derive the
teraction Hamiltonian of quasiparticles~phonons! and dust
particulates. In Sec. III, the interaction among dust parti
lates is treated as a scattering of dust particulates in pho
fields, and the emission and absorption of phonons are
sidered. Section IV deals with the hydrodynamic behavior
dust particulates in the effective potential described by
interaction matrix element. The conclusion is given in S
V.

II. DUST-PARTICULATE –PHONON INTERACTION

We consider dust particulates in the potential pertur
tions associated with ion acoustic waves in a plasma.
describe the perturbations in terms of quasiparticles ca
phonons. The phonon fields may be described by the po
tial f(x,t) in a Fourier series in a large box of volumeV as

f~x,t !5(
k
A 2p\vklD

2

V~11k2lD
2 !

@ake
i ~k•x2vkt !

1ak
†e2 i ~k•x2vkt !#, ~6!

wherek5uku, ak andak
† are Fourier coefficients, which ma

be interpreted, as is known in second quantization, as
struction and creation operators of phonons with momen
\k and energy\vk . A positive frequency of an ion acousti
wave is given by

vk5
kCs

A11k2lD
2

. ~7!
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The factor in Eq.~6! is set to make contact with the quantu
mechanical expression of the electric field energy~see the
Appendix!, or

E d3x
^u¹fu2&

8p
5(

k

\vk

2U ]

]v
veU

vk

~ak
†ak1akak

†!. ~8!

We introduce the wave function for dust particulates as

C5
1

AV
(

q
Cqe

iq•x, ~9!

and interpretC as an operator to destroy a dust particulate
momentum\q at positionx. The operatorsCq and Cq

† are
destruction and creation operators of dust particulates ca
ing the momentum\q. A dust particulate with chargeQ
interacts with longitudinal phonon fields, and the interacti
Hamiltonian between a dust particulate and a phonon
given by

Hd,p5E C†QfC d3x, ~10!

which can be simplified as

Hd,p5(
k

(
q

Md,p~k!~Cq2k
† ak

†Cqe
ivkt1Cq1k

† akCqe
2 ivkt!,

~11!

where

Md,p~k!5A 4pQ2\vk

Vk2U ]

]v
veU

vk

5A 2pQ2\vk

V~k21lD
22!

. ~12!

Here we have usedu(]/]v)veuvk
52(11k22lD

22). The

term involvingCq2k
† ak

†Cq describes the scattering of a du
particulate fromq to q2k with the emission of a phonon o
momentum\k, while the term involvingCq1k

† akCq de-
scribes the scattering of a dust particulate fromq to q1k
with the absorption of a phonon of momentum\k. These
interactions are shown in Fig. 1.

III. INTERACTION OF DUST PARTICULATES
BY PHONON EXCHANGE

A higher order approximation in the perturbation theo
gives the transition matrix, which describes the transit

FIG. 1. Dust-particulate–phonon interaction through~a! emis-
sion or ~b! absorption of a phonon.
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PRE 58 3735INSTABILITY DUE TO THE DUST-PARTICULATE– . . .
from the initial stateu i & to the final stateu f &, as@23#

Mi f 5^ f uHI u i &1(
I

^ f uHI uI &^I uHI u i &
Ei2EI1 ih

, ~13!

whereHI5Qf, Ei andEI are the initial and the intermedi
ate energies, the notation^ f uHI u i & is used for*C f

†HIC id
3x,

uI & is the intermediate state through which the transit
takes place, the summation is taken for all the possible in
mediate states, and the quantityh is a positive infinitesimal.
The second term in Eq.~13! is known to be responsible fo
the attractive interaction between electrons associated
the superconducting state@24,25#. Here we calculate the sec
ond term for the interaction of dust particulates through
exchange of phonons. Suppose that the initial, intermed
and final wave functions for dust particulates are given b

C i5
1

AV
Cqi

eiqi•x, C I5
1

AV
CqI

eiqI•x,

C f5
1

AV
Cqf

eiqf•x. ~14!

Then the matrix elements are

^I uHI u i &5
1

V E d3x(
k

Md,p~k!CqI

† e2 iqI•x$ake
i ~k•x2vkt !

1ak
†e2 i ~k•x2vkt !%Cqi

eiqi•x ~15!

or

^I uHI u i &5(
k

Md,p~k!@Cqi1k
† akCqi

e2 ivkt

1Cqi2k
† ak

†Cqi
eivkt#. ~16!

Likewise,

^ f uHI uI &5(
k8

Md,p~k8!@Cqf

† ak8Cqf2k8e
2 ivk8t

1Cqf

† ak8
† Cqf1k8e

ivk8t#. ~17!

Taking the time average, using the relation^e6 i (vk1
1vk2

)t&
50, and keeping only the termk85k in thek8 summation to
insure a common intermediate state, we obtain

^ f uHI uI &^I uHI u i &5(
k

@Md,p~k!#2@Cqf

† akCqf2kCqi2k
† ak

†Cqi

1Cqf

† ak
†Cqf1kCqi1k

† akCqi
#, ~18!

where the first term shows that a dust particulate change
momentum from\qi to \(qi2k) by emitting a phonon of
n
r-

ith

e
te,

its

momentum\k which is absorbed by another dust particula
with momentum change from\(qf2k) to \qf , while the
second term shows that a dust particulate changes its
mentum from \qi to \(qi1k) and another particulate
changes its momentum from\(qf1k) to \qf by exchanging
a phonon of momentum\k. It is assumed that the total num
ber of phonons is conserved in a system. The first term in
cates that the absorption of a phonon takes place after
emission, and the reverse occurs in the second term. With
possible two values ofk ~k and 2k! in each process, we
have four situations as shown in Fig. 2, where a dust part
late with momentum\q interacts with a dust particulate wit
momentum\q8. We note that the conservation of energ
gives the relation

Eq1Eq85Eq2k1Eq81k , ~19!

where the kinetic energy of a dust particulate of massmd is
given by

Eq5
u\qu2

2md
. ~20!

The matrix element for the process is thus written as

FIG. 2. Interaction of dust particulates through phonon e
change. The number of phonons remains the same before and
the scattering.
Md,d~k,q,q8!5(
I

^ f uHI uI &^I uHI u i &
Ei2EI1 ih

5@Md,p~k!#2F N~k!11

Eq2Eq2k2\vk
1

N~k!

Eq82Eq81k1\vk

1
N~2k!

Eq2Eq2k1\v2k
1

N~2k!11

Eq82Eq81k2\v2k
G . ~21!
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3736 PRE 58OSAMU ISHIHARA
With the help of Eq.~19!, the matrix element becomes

Md,d~k,q!5@Md,p~k!#2

3S 1

Eq2Eq2k2\vk
2

1

Eq2Eq2k1\v2k
D ,

~22!

which is further simplified, by usingv2k5vk and Eq.~12!,
as

Md,d~k,q!5
2\vk

~Eq2Eq2k!22~\vk!2 @Md,p~k!#2

5
4pQ2

V

lD
2

11k2lD
2

vk
2

vq,k
2 2vk

2

5MW~k,vq,k!, ~23!

where

MW~k,v!5
4pQ2

V

lD
2

11k2lD
2

vk
2

v22vk
2 ~24!

and

vq,k5
Eq2Eq2k

\
. ~25!

The effective Hamiltonian for interaction of dust particulat
through the exchange of phonons is

Hd,d5(
q

(
q8

(
k

MW~k,vq,k!Cq8
† Cq82kakak

†Cq2k
† Cq .

~26!

As is evident from Eq.~23!, there is a possibility that the
matrix element becomes negative if energies of dust part
lates are close enough, or

vq,k
2 ,vk

2 . ~27!

Although the possible negative matrix element is ink space,
it opens the possibility of negative interaction in real spa
or attraction between dust particulates@24#. It was indeed
shown that the Hamiltonian derived earlier based on a
nonical transformation describes the presence of attrac
interaction in a form of the wake potential@7#. The potential
responsible for the attraction of dust particulates was deri
earlier as@6#

fW~x,t !5
4pQ

V (
k

lD
2

11k2lD
2

vk
2

kz
2vd

22vk
2 eik•~x2x02vt !,

~28!

where a dust particulate is located atx5x0 at t50 and
moves with velocityv5vez in the ion flow of velocity
v05v0ez , and vd5uv2v0u. When vq,k5kzvd in Eq. ~23!,
the matrix element is in agreement with the expression in
~28!, or
u-

e

a-
ve

d

q.

QfW~x,t !5(
k

MW~k,kzvd!eik•~x2x02vt !. ~29!

IV. HYDRODYNAMIC EQUATION FOR A GAS
OF DUST PARTICULATES

In this section, we consider a collection of dust partic
lates which interact among themselves through the excha
of phonons. The collection of dust particulates is treated a
gas of dust particulates, and is characterized by the pertu
velocity Vd and the density

Nd5Nd01dNd , ~30!

wheredNd is the perturbation from the equilibrium densi
Nd0 . The linearized hydrodynamic equations to describe
dynamics of the gas of dust particulates are

]dNd

]t
52Nd0“•Vd , ~31!

]Vd

]t
52

1

md
“F~x,t !, ~32!

where the potential energyF(x,t) is given by

F~x,t !5E M ~x2x8,t2t8!dNd~x8,t8!d3x8dt8, ~33!

andM (x,t) is the inverse Fourier transform of a vertex fun
tion M (k,v). We assume that

dNd ,Vd ,F;ei ~k•x2vt !; ~34!

then Eqs.~31!, ~32!, and~33! become

2 ivdNd52 iNd0k•Vd , ~35!

2 ivVd52
1

md
ikF~k,v!, ~36!

F~k,v!5VM~k,v!dNd . ~37!

First, consider the case where a vertex function is giv
by Eq. ~24!, or

M ~k,v!5MW~k,v!. ~38!

Equations~35!–~37!, with Eq. ~38!, will provide a dispersion
relation

v42vk
2v22Vk

2vk
250, ~39!

wherevk is the ion acoustic frequency

vk5
klD

A11k2lD
2

vpi , ~40!

Vk is the dust acoustic frequency

Vk5
klD

A11k2lD
2

vpd, ~41!
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andvpd5A4pNd0Q2/md is the dust plasma frequency. Th
dispersion relation has approximate solutions

v1,256vkS 11
Vk

2

2vk
2D'6vk , ~42!

v3,456 iVkS 12
Vk

2

2vk
2D'6 iVk . ~43!

Equation~42! corresponds to the propagation of ion acous
waves, while Eq.~43! indicates the presence of an instabilit
The growth rate of the instability is given by the dust aco
tic frequencyVk . For a typical situation, consider a sphe
cal dust particulate with a radius 2mm, a mass density
1 g/cm3, a chargeQ52103e, and a dust particulate densit
Nd0 of 103 cm23 in a background electron temperatureTe
51 eV and an electron plasma density of 109 cm23. The
dust plasma frequency becomesvpd/2p51.5 Hz. We have,
for k51.0 cm21, uv3,4u'0.22 rad/s. Thee-folding time for
this hydrodynamic instability is about 5 s.

Next, consider the case where the Coulomb interac
between dust particulates with Debye shielding is not ne
gible and the plasma has an ion flow, or

M ~k,v!5MC~k,v!1MW~k,v2k•v0!, ~44!

where the matrix element for the Coulomb interaction w
Debye shielding is

MC~k,v!5
4pQ2

V

lD
2

11k2lD
2 . ~45!

Equations~35!–~37!, together with Eq.~44!, will provide a
dispersion relation

~v2k•v0!2v22vk
2v22~v2k•v0!2Vk

250, ~46!

which can be rewritten as

11
1

k2lD
2 2

vpi
2

~v2k•v0!2 2
vpd

2

v2 50. ~47!

Equation~47! is similar to the dispersion relation of Bune
man instability studied in detail by Ishihara, Hirose, a
Langdon @26# ~see also Peratt@27#!. The system become
unstable when the negative energy wavev5k•v0

2vpi /A11k22lD
22 couples with the positive energy wav

v5vpd/A11k22lD
22 in the k space with a conditionk•v0

&kCs /A11k2lD
2 . The fastest growing mode is characte

ized by

v5
11 i)

2 S vpi

2vpd
D 1/3

Vk ~48!

at the resonance

k•v05
kCs

A11k2lD
2

, ~49!

where the growth rate shows the sharp peak with a nar
half-width, and the real frequency shows the abrupt cha
c

-

n
i-

w
e

in its value. In the above parameters for an argon plasma
fastest growing mode has the real frequencyv r /2p
51.2 Hz, and the growth rateg513.1 rad/s. The effect o
collisions of charged particles with neutrals associated w
this instability was studied by Rosenberg@28#.

V. CONCLUSION

We have formulated the matrix element of interaction b
tween dust particulates through the exchange of phon
The matrix element suggests the presence of an attrac
force between highly charged dust particulates, in agreem
with earlier work on the wake potential which was cons
ered as a potential produced behind a dust particulate floa
in the ion flow. We considered the dynamics of a gas of d
particulates which interact among themselves by exchang
phonons. Hydrodynamic equations predict the instabiliti
one grows with time inversely proportional to the dust aco
tic frequency, and results in bunching of dust particula
even in the absence of Coulomb interactions; the other gr
with time 0.87 (vpi/2vpd)

1/3 times faster than the dust acou
tic time in the presence of dust-dust Coulomb interactio
when ions flow in the plasma. The instability characteriz
by Eq. ~48! appears only whenk•v0&kCs /A11k2lD

2 , or
M&1, and the system becomes stable forM.1 and forms a
stable wake potential behind a dust particulate. Such a st
wake potential and the hydrodynamic instability may be r
evant to the observed stable plasma crystal and the p
transition from solidlike crystal structure to liquidlike struc
ture in the laboratory plasmas.
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APPENDIX: PHONON FIELDS

We describe the potentialf(x,t) associated with ion
acoustic waves~phonons! in Fourier series in a large box o
volumeV as

f~x,t !5(
k

Dk@ake
i ~k•x2vkt !1ak

†e2 i ~k•x2vkt !#, ~A1!

wherevk is a positive frequency of the ion acoustic wav
The factorDk will be determined by a consideration of th
field energy. A reality condition of the potentialf(x,t) is
obtained by rewriting Eq.~A1! as

f~x,t !5 (
k,kz.0

$Dk@ake
i ~k•x2vk!1ak

†e2 i ~k•x2vk!#

1D2k@a2ke
2 i ~k•x1vk!1a2k

† ei ~k•x1vk!#%,

~A2!

where the term ofD2k comes from the contribution forkz
,0, and we setk→2k ~thus changingkz.0!. Equating
f(x,t) and f* (x,t), a complex conjugate off(x,t), we
obtain
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D6k5D6k* . ~A3!

The time-averaged field energy in the electric field of t
longitudinal wave is

E d3x
^E2&
8p

5E d3x
^u“fu2&

8p

5
V

4p (
k

k2uDku2~ak
†ak1akak

†!, ~A4!

where^ & shows the time average, and we used the relati
*d3x ei (k12k2)•x5Vdk1 ,k2

and ^e6 i (vk1
1vk2

)t&50. We note

that the wave energy in eachk mode carries (]ve/]v)vk

times the electric field energy, since the wave energy i
plasma includes the particle oscillation energy together w
the associated electric field energy@20,21#, where e
5e(k,v) is the dielectric function to characterize a plasm
We now introduce a viewpoint of quantum mechanics, a
interpretak as destruction operator andak

† as creation opera
tor of phonons with momentum\k and energySk\vk ,
whereSk5@(]/]v)ve#vk

/u (]/]v)veuvk
. The operatorsak

andak
† satisfy the Boson commutation relation@22#
A

ys

n

s

a
h

.
d

@ak ,ak
†#5akak

†2ak
†ak51, ~A5!

and can be applied to state vectors as

akuNk&5ANkuNk21&, ~A6!

ak
†uNk&5ANk11uNk11&, ~A7!

while the number operatorak
†ak has the eigenvalueNk . The

factor Dk may be chosen to satisfy

E d3x
^E2&
8p

5(
k

\vk

U ]

]v
veU

vk

S Nk1
1

2D . ~A8!

Thus we obtain

Dk56A 4p\vk

Vk2U ]

]v
veU

vk

56A 2p\vklD
2

V~11k2lD
2 !

.

~A9!
ys.

,

ry

te

tt.
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